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Abstract In the present paper, some multiplicity results for semilinear resonant elliptic
problems with discontinuous nonlinearities are obtained by using our extended double linking
theorem.
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1 Introduction

Recently, the nonsmooth analysis based on the critical point theorem has been attracted the
interest by many people, because its intensive applications in the practical problems. How-
ever, the tools in our hand are used only the usual critical point theorem such as, nonsmooth
mountain pass theorem, nonsmooth saddle point theorem (see [1,6,8]). One of the main dif-
ficulties in applying those nonsmooth critical point theorems is the nonsmooth Palais Smale
condition. Thus, in order to kill this difficulty, we have to take our energy to verify it. In
the present paper, our abstract results will not need the energy function to satisfy the PS
condition, and we obtain two pairs of bounded Palais Smale sequences. The most interest is
that when the energy function satisfies the appropriate conditions, we obtain two solutions.
The notion of double linking was first introduced by Schechter and Zou [14], and a double
linking theorem had been developed by them. The purpose of this paper is to present a gen-
eralization of the double linking theorem. In this generalization the energy functional is not
required to be smooth, it is only locally Lipschitz. In the second half of the paper the abstract
multiplicity result is applied to semilinear resonant elliptic problems with discontinuous
nonlinearities. Such nonlinear partial differential equations with discontinuous nonlineari-
ties have been increasedly studied in the latest years because it arises in physics problems, as
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nonlinear elasticity theory or mechanics, and engineering topics. In this direction, concrete
applications can be found in the books of Naniewicz—Panagiotopoulos [11].

The existence or multiplicity results for elliptic resonance problems with nonsmooth
potential

—Au € Mu+[g7(x, ux)), g7 (x, ux))], in K, |
u=0, on 9€2, M

where @ € RM(N > 3) be a nonempty bounded open subset with a smooth boundary
9, Ak, g (x,1) and g¥(x,t) is defined in Sect. 3, have been obtained by many authors
through using the nonsmooth critical point theory, see [4,5,7-10,12,15] and the references
therein. However, in order to obtain the solutions of the problem (1), our technique is firstly
need to prove the following elliptic problems with discontinuous nonlinearities

[ —Au € Hh+ g (6 u(0), g (e uGo)]] in € o

u=20, on 9%2

where A € (0, 1], has infinitely many solutions. secondly, by taking the limit with respect to
A for the problem (2), we obtain problem (1) has two nontrivial solutions.

Our approach is based on nonsmooth critical point theory for locally Lipschitz functionals,
as this was originally formulated by Chang [1]. For the convenience of the reader, below we
recall some basic definitions and facts from this theory.

Let E be a real Banach space and E* its conjugate space, we denote by (-, -) the dulity
pairing between E* and E. A function ¢ : E — R is called locally Lipschitz if for each
u € E there exists a neighborhood U of u and a constant L > 0 such that

lp(x) = < Lllx =yl Vx,yeU.

For a locally Lipschitz function ¢ : E — R, we define the generalized directional deriv-
ative of ¢ at point u in the direction & € E as

-1

©°u;h) = lim —[p(u+v+sh) — e+ v)].
v—=0,5]08

The generalized gradient of the locally Lipschitz function ¢ at the point u#, denoted by d¢ (u),

is the set

dpw) ={w e E*: (w,v) < ¢"(u; v), Vv € E}.

If p € C'(E), then d¢(u) = {¢'(u)} for all u € E. We set m(u) = miny,ejp() llwll. Then
the function m (u) exists and is lower semi-continuous. A point u € FE is said to be a critical
point of the locally Lipschitz function ¢ : E — R,if 0 € d¢(u). If u € E is a critical point,
the value ¢ = ¢(u) is said to be a critical value of ¢.

For more details, we refer to [1-3] for the properties of the generalized directional deriv-
ative and the generalized gradient.

The critical point theory for smooth functionals uses a compactness condition known as
the Palais-Smale condition (PS). In the present nonsmooth setting this condition takes the
following form:

A locally Lipschitz function ¢ : E — R is said to satisfy the non-smooth PS-condition, if
any sequence {x,} € E with {¢(x,)} is bounded and m(x,,) — O has a strongly convergent
subsequence.

During the proof of our main results, we will use some basic concepts and properties from
set-valued analysis, for convenience, we list them as follows:
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Definition 1 ([6]) Suppose X, ¥ are Hausdorff topological spaces. Let F : X — 2Y be a
multifunction. We say that F is upper semicontinuous at xy, if for any open subset V.C Y
with F(xg) C V,thereexists U € N(xp),suchthat F(U) C V.If F isupper semicontinuous
atevery xo € X, we say that F is upper semicontinuous.

Proposition 1 ([6]) If ¢ : X — R is a locally Lipschitz function, then the multifunction
x — 0¢(x) is upper semicontinuous from X into X7..

The paper is arranged as follows. In Sect. 2, we establish the double linking theorem for
nonsmooth locally Lipschitz functions. In Sect. 3, we are devoted to multiplicity results for
elliptic resonance problems with discontinuous nonlinearities.

2 Abstract results

Let E be a reflexive Banach space. Define a class of contractions of E as follows: & =
{C'(,)eC(0,1] x E,E):T'(0,-) =id;foreacht € [0, 1], ['(¢, -) is a homeomorphism
of E onto itself and I'"!(-, -) is continuous on [0, 1) x E; there exists a xo € E such that
I'(1, x) = xo for each x € E and that I'(t, x) — xg as t — 1 uniformly on bounded subset
of E}.

The following concepts of linking and double linking were introduced by Schechter-
Tintarev[13] and Schechter-Zou [14], respectively.

Definition 2 [14] A subset A of E is linked to a subset B of E if A () B = ¢ and for every
I € @, thereisar € [0, 1] such that ['(z, A) (| B # 0.

Definition 3 [14] Let A, B C E be two closed subsets, if A and B link each other, we call
them double linking.

A typical example of double linking is the following ([14]):
Let E = M @ N, where M, N are closed subspaces with one of them finite dimensional.
If yo € M\{0} and O < p < R, then the sets

A={u=v+sy:veN, s>0, ||u||:R}U[NﬂBR]
and

B=M()0B,

link each other in the sense of definition 3, where B, = {u € E : ||u| < r}.

The purpose of this section is to establish the existence of two bounded nonsmooth Palais-
Smale sequences from the double linking which yield either two critical points with different
critical values or two critical points in two nonintersection sets.

Let G,(u) = M) — Jw),» € A C (0,400). 1 € CY(X,R)and J : E —> Risa
locally Lipschitz functional and they map bounded set into bounded set, respectively.

Assume that

(Hy) I(u) = 0forallu € E and either I (u) — oo or |J(u)| — oo as ||u|| — oo.
(H) I(u) <O0forall u € E and either I (1) — —oo or [J(u)] — oo as |lu]| — oo.

Furthermore, we suppose that

(H3) ap(A) =supy Gp < bp(A) =infp G, forany A € A.

@ Springer



92 J Glob Optim (2010) 46:89-110

In this section, our main results are the following theorem:

Theorem 1 Assume that (Hy) (or (H3)) and (H3) hold,

(1) If A links B and A is bounded, then for almost all . € A there exists uy(A) € E such
that supy, |lug (L) || < oo, m; (ug(r)) — 0 and

G;(ur(A) = a(x) = inf  sup  G;(T'(s,u)), k — oo.
Fe® sef0,1].ueA

Furthermore, if a(A) = bo(X) then dist (ur(X), B) — 0,k — oo.
(2) If B links A and B is bounded, then for almost all .. € A there exists vi (L) € E such
that supy, ||lvg (M) || < 00, my (vk (X)) — 0 and

G(vg(A)) = b()) = inf sup G, (I'(s,v)), k — oo.
Te® sc(0,1],veB

Furthermore, if b(A) = ap(A) then dist (v (A), A) — 0,k — oo.

For the reader’s convenience, we give the rough proof.

Proof (1) First, we prove that conclusion (1) with the first alternative (H1) is true. Evidently,
a(X) > bo()) since A links B. By (H3), the map A — a()) is nondecreasing, hence, a’ (1)
exists for almost all » € A. For fixed A € A, let &, € (A, 2))[] A satisfy A, — X as
n — o0, then there exists 72(1) such that

a(rn) —a(i)

<dM+1
o e

a)—1<
forn > n(i).

As in the proof of Theorem 2.1 in [14], we can obtain that:

(19) there exist T',, € ®, ko = ko(A) > O such that

1T (s, w)]| < ko
whenever
Gr(Tu(s, ) = a(h) — (O — 1)
2%
G (Tu(s. 1)) < Gy, (Ta(s, 1)) < a(h) + (@' () + 2)(hy — 1) 3)

(3%) We consider the case of a(A) > bg(}). For ¢ € (0, M) we define

QM) ={u € E:ull =ko+4, [Gr(u) —a)| < 4e}. “

Then we can obtain that Q. (1) # ) (see Step 3 of Theorem 2.1 in [14]).
Next, we claim that there exists u € Q(X) such that m; (1) < ¢ fore € (O, M)

small enough. By negation, we assume that there exists g9 € (O, M) such that

my (ug) > 3ep for all ug € Qg (1), hence there exists a wg € 3Gy (up) such that |wyl| =
m;, (o), then By [ 8G1(ug) = @, where B, is the ball centered at 6 with radius r in E*.
Due to the separation theorem for convex sets, there exists kg € E such that ||hg| = 1,

(x*, ho) = (wo, ho) = (w, ho)
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for each w € By, and each x* € G, (o). By the Hahn-Banach theorem,

max (w, ho) = [lwoll - Aol = lwoll
WE B uyg |

then we have

(x*, ho) = llwoll = m,.(ug) > 3e0 > 2e9, Vx™ € 3G (uo).

Since the mapping x — 9G, (x) is weak™ upper semi-continuous, there exists an open
neighborhood N (ug) C B(uo,8) = {u € E : |lu — ug|| < 8} of up such that for each

u € N(ugp), we have

(x*, ho) > 2&9

for each x* € 9G(u). The set of all such neighborhoods covers Qg (). Therefore there
exists a local refinement {N; : i € '}, where I" denotes the index set. Thus, for every i € T,
there exists a u; € Qg () such that N; C N(u;). Let p; (u) denote the distance from u to

the complement of N;, then p; is Lipschitz continuous and vanishes outside N;. Let

pi

Bi(u) = SIRO)

and let
vp(u) = ZBi(u)h;.
Then vy, : Q¢ (1) — E is local Lipschitz and satisfies:

lur @)l = 1,

(x*, va(u)) = 2¢9
for
x* € 0G(u), ue Q).
We take n so large that
(@) +2)(hy —A) < €9, An— A < &.
Define
Qe M) ={ueE:|ul <ko+1, al) — Gy —2) < G (w) <ar) +eo},

by (4), similar reasoning show that Qjo (A) # # and QZf0 (A) C Qgy(M).
Define

Qi ={ueckE:|ull <k +1}
o ={ucE:|ull =k +2}

Q3 = {u € E :either G, (1) < a(r) — (A, — X)) or G, (u) > a(r) + 2&p}
Qi={uecE:al)— (k; — 1) <G,(u) <ald) + &)}

(&)
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Define
dist(u, Q)
§u) = — . ,
dist(u, 27) +dist(u, 21)
dist(u, 23)
¢(u) =

dist(u, Q3) +dist(u, Q4)’

where dist denotes the distance functional.
Therefore,

Vi(u) = )¢ (u)vy (u)

is a locally Lipschitz continuous vector field from E to E. Moreover,

Vil <1, Vu€E,
(x*, Vo) > 260, Vu € OF, () x* € 3G (w),
(x*,Va(w)) =0, VuckE.

Consider the initial boundary value problem:
dn(t, u)
dt

By a well known existence theorem for ordinary differential equation in a Banach space there
exists a unique continuous solution 7 (¢, u) such that G, (n(¢, #)) is non-increasing in ¢. In
fact,

= —VA(W(I, M)), 77(07 u) =u.

d G
£Gan(t w)

IA

max [<w, %n(t, u)> w € dG,(n(t, u))]

—min{{w, =Va(n(t, u))) : w € 0G,.(n(z, u))}
l—28o, n(t,u) € Q5 ()

- 10, otherwise.
Define
= n(2s, u), 0<s<1;
r = 2
(5 10) [n(l, r@2s—1Luw), $<s=<l.

Then it is easy to check that ' € ®, we want to prove that
G, (T(s,u)) <a(r) — (A, — 1), Vs €[0,1], u € A.

which provides the desired contradiction. Choose any u € A,if 0 <s < % by (H3) and the
choice of g9, we get that
Gu(T(s.w) = Gr((2s.w)) < Gr(u) < ap() < bo(h) < a(X) — 2&
=a) =y —2). (6)

If § <s <1 then (s, u) = n(1, Ty (2s — L), if Gu(T(2s — 1,u)) < a(r) — (A, — A),
for% <s <1, then

G (F(s,w))) = Ga(n(1, T, (25 — 1, u)))
= Ga((0,Tn(2s — 1, u)))
=G (I 2s —1,u))
<a) = —2). @)
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If there exists so € [ 4, 1] such that G, (I (259 — 1, u)) > a(r) — (A, — A), then by (1°),
IT,(2s0 — 1, u)|| < ko.By (3) and (5), we see that I',,(2s9 — 1, u) € Q:O (1). Since

1

It Tu (@50 — 1. ) — Tu (@50 — L) < /
0

dn(o, T'n(2s0 — 1,u))
do
do

it follows that
In@, Tn2so — L, u))ll < 100 2s0 — L, w)|| +1 <ko+1, Vi e€l[0,1].
Two cases again:
If G, (n(t, Ty (2so — 1, u))) < a(r) — (A, — A) for some 1y € [0, 1], then
G:.(D(s0, u)) = Go.(n(1, Tu(2s0 — 1, u))) < a(h) — (b — A). 3)
On the other hand, by (3), we see that
a(d) — (A — 1) < Gi(n(1, Tp(2so — 1, u)))
< Gu(n(t, Tu(@s0 — 1, 1))
< Gi(Tn(Zso — 1, u))
< a(}) + ¢o,
forall# € [0, 1]. Thus, n(¢, Tn(2s0 — 1, u)) € QF (), forall¢ € [0, 1]. Since (x*, Vi (u)) >
2¢e0, Vu € Qjo(k),x* € 0G, (u), we have

Gy(n(t,T'y2so — 1, u))) — G (I (2s0 — 1, u))
/’ 4G, (1(0, T, 250 = L))
= o
do

0
t
< /maX{(w, Van(o, Tn(2s0 — 1, u)))) :
0
w e G, (n(o, T,y 2so — 1, u)))}do

t
< —/min{<w, V(10 T (250 — L)) -
0
w € G, (n(o, T, 250 — 1, u)))}do

< —2¢ot.
Therefore, when ¢ = 1, we have that

Gy.(F(s0.w) = Gi(n(L, Tu(2s0 — 1,u)))
< Gu(Tn(Zso — 1, u)) — 2¢9
<a®) — (k= 2). )
Combining (6), (7), (8) and (9), we get
G (T(s,u)) <a(r) — (An— 1), Vs [0,1], u € A,
which contradicts the definition of @(1). This implies that the above claim in case of a(A) >

bo(1). Evidently, the claim yields the conclusion (1) of this theorem.
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(4%) We prove that the conclusion (1) of theorem 2.1 is still true in case of a(1) = bo(1).
Since A is bounded, d4 = max{||u|| : u € A} < co.Fore > 0, T > 0, we define

0@ T,0) ={ucE:|ull =ko+4+da, |Gr(uw) —a)| <3¢, dist(u, B) <4T}.

Then, Q(e, T, A) # 0 (see the Step 4 of Theorem 2.1 in [_14]).
We prove that for ¢ and T small enough, there exists u € Q(¢g, T, 1) such that m; (u) < ¢.
If not, there exists § > 0, &7 > 0 and T; € (0, 1) such that

my(u) > 38, Yue Qer, Th, A).
Define

0* (e, Ti, M) ={u € E : |lull <ko+3+da, a) — by — 1) < G.(u) < a(r) + 3y,
dist(u, B) < 3T1}.

The same reasoning shows that Q*(el, Ti,)) # @ and Q*(el, T, L) C Q(sl, Ty, A). Let
n so large that (A, — A) < é1, (a’(A) +2)(A, — ) < &1 and (A, — A) < 8T;. As the proof
of (3°), we can construct a locally Lipschitz continuous mapping V; («) on E such that

Vil <1 VueE,
(x*, Va(w)) > 28, Vu € Q%(e1, T, A) x* € 3G (u),
(x*, Vao(w)) >0 VYuekE.

Define
Or={ueck:|ull <ko+2+da, |Gi(u)—a)| <2, dist(u, B) <2T1}.

As the proof of 4%, 01 # ¥and Q| C Q(e1, T1, 1). Choose a Lipsc_hitz continuous map-
ping y from E into [0, 1] which equals 1 on O and vanishes outside Q(e1, 71, A). Consider
the following initial boundary value problem:

dm(t,
W =—ym)Vam), 110, u) =u.

By a well known existence theorem for ordinary differential equation in a Banach space there
exists a unique continuous solution 71 (¢, u) such that G, (11 (¢, u)) is non-increasing in 7. In
fact,

%Gx(m(t, u)) < max [(w, %m(h u)) :w € aGL(m (¢, u))]

= —min{{w, —y (1 (¢, W) Va(n1(t, u))) : w € 3G (n1(t, u))}

‘ =28y (m (t,w)), mi(t,u) € O*(e1, T1, A);

= .
0, otherwise.

Hence, %G,\(m(t, u)) < 0.

As the proof Theorem 2.1 in [14], we can obtain that 11 (s, u) ¢ B for all s € [0, 7T7] and
ue Aand (T, T,(2s — Lu)) € B,Vu € A,s €[5, 1].

In order to get the final contradiction, we define

i

m@2sTy, u), 0
m(Ti, Ty 2s — 1, u)), 4

=
=

— D] —

§ =
s =

Ci(s,u) = [

2
Then it is easy to check that I'} € ®. However, I'f (s, A) (| B = @ for all s € [0, 1]. We get
the final contradiction.
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As the proof Theorem 2.1 in [14], we can complete the conclusion (1) with the second
alternative (H>).
As an immediate consequence, we have

Theorem 2 Assume that (Hy )(or (H>)) and (H3) hold and that A, B are bounded sets which
link each other. If for all . € A, any bounded non-smooth (PS)-sequence of Gy (i.e.,
my (ur) — 0 and {G; (ur)}, {ur} are bounded) possesses a convergent subsequence, then
for almost all . € A, G, has two different critical points u, and v, satisfying

G.(w;) =ad), my(up) =0; Gi(vy) =bQ), my(vy) =0.
Particularly, if a(A) = b(X), then u) € B, v, € A.

3 Some applications

Let Q ¢ RV (N > 3) be a nonempty bounded open subset with a smooth boundary 3. In
this section, we are concerned with the multiplicity of the solutions of the following nonlinear
elliptic equation with Dirichlet boundary condition:

[ —Au € Mu+[g7(x, ux)), g7 (x, ux))], in K, (10)

u=0, on 9%,

where the discontinuous nonlinearities term g(x,?) : 2 x R — R is a locally bounded
measurable function, and g~ (x, ¢) and g™ (x, t) are defined by

“(x,1) =lim inf g(x,&), g7 (x,1)=1lim su (x, &).
& 8—>0|§—t|<8g %— & 8—>0|E7t|p<3g -’;:

Obviously, g~ (x, t) and g¥ (x, t) are respectively lower semi-continuous and upper semi-
continuous. Denoting by 0 < A1 < A2 < A3 <--- < A; < --- all distinct eigenvalues of
the eigenvalue problem:

—Au = Au in Q;
u=020, on 0%2.

Let {E}} be the eigenspace corresponding to the eigenvalues Ax(k = 1,2,...) and Ny =

ExDE D @ Ex.
In this section, the letter ¢ will be indiscriminately used to denote various constant when
the exact values are irrelevant.

Theorem 3 Suppose that g(x, t) satisfies the following conditions:

(A1) The function g~ (x,t) and g+ (x, t) are superposition measurable, i.e. ifu : @ — R
is measurable implies that x — g(x, u(x)) is measurable;
(Ay) there exist a constant cand 1 < p < %—E(N > 3) such that

lgCx, ) < (1 +12]7)

forallx € Qandt € R;
(A3)

2G(x, 1) > (ki1 — M)2]?

for almost all x € Q;
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(A9)

ueNy,|lul|—o0

/G(x,u)dx — 00;

(As) there exists a eigenvalue A < A such that

. G, 1)
lim sup T

=0

< Al — Ag

uniformly for almost all x € Q;

Then for almost all X € (i‘—i, 1], the problem
—Au € g+ g7 (x, u(x)), gt (x, u(x)1l in (11
u=0, on 0%2.

has two nontrivial solutions. Particularly, the problem (11) has infinitely many solu-
tions. If, in addition,
(Ag) there exists 6 € (1, 2) and a constant ¢ > 0 such that
. 1g(x, 1) —2G(x, 1)
>0

lim inf i
|f]— 00 |t]

uniformly for almost all x € Q, and
1g(x, 1) < ct’.
Then the problem (10) has two nontrivial solutions.

As usual, we find solutions of problem (11) as critical points of the functional G, defined
by

G _ A s Ak 2 |
au) = E||u|| iy lu|dx — | G(x,w)dx, ue€ Hy(2), A > 0.
Q Q

Under the assumption of (Aj) and (Az), we know that the functional G, (u) is locally
Lipschitz on H} () (see [1]).

Lemmal G, (u) — —oo uniformly for » € (0, 1] as ||u|| — oo, u € Ng.

Proof 1t follows the fact

Ao Ak 2
G (u) = §||u|| -5 lul*dx — [ G(x,u)dx
Q Q

1 A
5||u||2—7"/|u|2dx—/c<x,u>dx
Q

Q
—/G(x, u)dx
Q

IA

IA

and the assumption (A4), we can easily obtain the conclusion.

Lemma 2 G, (u) <0 forallu € Ny—1, 1 € (0, 1].
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Proof By the assumption (A3), Vu € Nx_1, we have

A A
G ) = E||u||2—7k/Iulzdx—/G(x,u)dx
Q Q

1 A
Sl - 7"/|u|2dx—/c(x,u)dx

Q Q
1 A 1
< S lul® - {/ ulPdx — E/Mk_l — alluPdx
Q Q

IA

1 Ak—1
Enun2 — w3

2
<0

IA

Lemma 3 Under the assumptions of Theorem 3, there exist py > 0, co > 0 such that
Gu(u) = co for llull = po, u € Ni—y,
M
where A € (H’ 1].
Proof By the assumption (As), for small ¢ > 0, there exists § > 0 such that

1
G, 1) < 50— A — o), Vit <.

By the assumption (A;), we have

G(x,u) < clulP*t, Viu| > 3.

Hence, Vu € N kl_l, we have

A = 2 [ e —
Gr(u) = 2||u|| > lu|“dx G(x, u)dx
Q Q
A 1
=5 2 gl = S 2 i3 — / G(x, u(x))dx
jzk jzk (xeu(x)|<5)
— / G(x,u(x))dx
(reQifu(x)|=3)
1 , 1 , 1
2 5 20 =m0l = 500 =k =) DNl + 5 = e =)
j=k j=k
x / lu(x)>dx — / G (x, u(x))dx
{xeQ:|u(x)|>68} {xeQ:u(x)|>68}
1 1 _
> EZ(M, —h 4 e)lluj3 - 5 O = +)5'P
=k
X / lu(x) [P dx — / G(x,u(x))dx
{xeQ:|u(x)|>68} {xeQ:|u(x)|>68}
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. )\)\j_)\l:| 2 +1
> min [ ——— Mjllujlls = cllull?
j2k|: )\j ]zk JARI2

A — A
= min [’Ai’] lull® = elluf?*'.

Jj=zk

J

Hence, we can find pgp > 0 and ¢y > 0 such that

py
Gu(u) > co > 0, Yu € N- | with |Jul| = py for A € (Tl 1].
k

Lemmad For each . € A C (0, +00), any bounded nonsmooth P-S sequence of G) (u)
possesses a convergent subsequence.

Proof Assume {u,} C HO1 (2) bounded such that {G, (u,)} is bounded and m; (u,) — 0,
where m; (un) = minyesG, @, llwll, We will show that {u,} has a convergent subsequence.

Set p(u) = fQ G(x,u(x))dx. Since 0G) (u,) C HO1 (R2) is a weak™ compact set and the
norm in Banach space is weakly lower semi-continuous, Thus, there exists w, € 0G; (u,)
such that m) (u,) = ||w,].

Define A : H} (Q) — H} (Q) by

(Au,v) = /(Vu, Vv)gndx
Q

forall u € HO1 (2),v € HO1 (2). Here (-, -) is the duality pairing between (HO1 (R))* and
H(; (£2), (-, -) gnv denote the inner product in RN,
Since G () C AAu — Agu — dp(u), w, = LAu, — Agut,, + v,, where v, € d¢(u,) and

(wp, v) = A/(Vun, Vv)pvdx — Ak/(un, V)gnvdXx + (vy, V).
Q Q
Since {u,} is bounded in HO1 (2), passing if necessary to a subsequence, we may assume that
u, — u weakly in HO1 (), u, — u strongly in L4(),1 < g < %, and u, (x) —> u(x)

a.e. in Q. By the definition of A, it is easy to verify that A is monotone; moreover, A is
demi-continuous, in fact, let #,, — u in HO1 (£2), then for every v € HOI (€2) we have

[(Au, — Au, v)| = /(Vun — Vu, Vv)pnvdx
Q

= /(Vu,,, Vv)gndx —/(Vu, Vv)pndx|.
Q Q
Since u, — u in H} (), Vu, — Vu in L?(). Hence,
/(Vun, V) pvdx — /(Vu, Vv)pndx,
Q Q

that is

[(Aun — Au, v)| — 0.
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Because v € HO1 (R2) is arbitrary, it follows that Au, — Au in H(} (2), and so, A is
demi-continuous. Hence, A is maximal monotone.
Since

MAuy, uy —u) — Ag /(unv Uy —u) pNdx + (Uy, uy — ) | = (Wy, uy — u).
Q
Thus, we have

1
lim sup(Au,,, u,, — u) = lim sup 5 Ak/(un, Uy — u)pndx + (wy, u, — u)
Q

+ (Vp, u — up)

According to the definition of the generalized directional derivative, by the assumption
(A1) and Holder inequality, we have

(Un, u —uy) = QOO(I/{"; u— Uuy)

(= un)g ™ (x, up (x))dx

{re|(u—u,)>0}

+ / (W —up)g™ (x, up(x))dx
{xeQ|(u—u,)<0}

S/|”n_u|g+(X,un(x))dx
Q
< c/|un—u||un|pdx+c/|un — uldx
Q Q
< cllup — MHW”W”!% +cllup —ull2

Recall that we have used the fact that

gh(x,up(x)) = lim sup g(x,§)
80 15 —u,| <8
(Slim sup [c|€]? +c]

-0 [&—up|<d

IA

IA

clim sup [P +¢
80 |g | <8

=clim sup |u, +n|” +c¢

8=0p<s
= clu,|? +c.
Hence, by the embedding theorem and 1 < p < %—f%, we have
lim sup(Au,, u, —u) <O0.
Because {Au,} C HOI(Q) is bounded and so we may assume that Au, — v in HO1 (22).
Since A is maximal monotone, it has the property (M) (see [16, p. 583]). Therefore, we have
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v = Au and (Auy,, u,) — (Au, u), thatis |Vu,l|l2 — ||Vul2, also because Vu,, — Vu in
L?(Q), Hence, u, — u in H} ().

Proof of Theorem 3 By the Lemma 1, 2 and 3, there exists Ry > po > 0 such that

ap(M) =supG(u) <0 <cop <bp(r) = iréf Gi(u)
A

for A € (%, 1], where

A={u=v+syiveNers =0, lul = Ro) [ Ne-t () Br |
with yg € Ey with ||yo]l = 1, and
B={ueNt,:|ul=po

Theorem 2 implies, for almost all A € (:\\—/’{, 1], that there are two different critical points
uy, v satisfying

Gi(up) = a(d) = bo(A) = co, my(u) =0,

G(v) =b(R) =ap(r) =0, my(vp) =0.

This is the first part of Theorem 3. For the second part of the Theorem 3, we choose 1" — 1,
and u, such that Gy» (u,) = ayn, myn (u,) = 0. We claim that the sequence {u,} is bounded
in H} (Q).

Next, we prove the claim.
Since Gy (u,) C HO1 (R2) is a weak™® compact set and the norm in Banach space is weakly
lower semi-continuous, Thus, there exists w, € dG» (u,) such that m» (u,) = ||w,| and

(W, ) = A" / (Vi Vy)dx — g / n ()Y (¥)dx — (0. ). Vy € H(Q)
Q Q
where v, € dp(u,) and

(Un, y) = /pn(X)y(X)dx, Pn(x) € [g7(x, un(x)), g7 (x, un (X))].
Q

By the assumption (Ag), the proof is the same as the lemma 3.3 in [15], we can obtain
that there exist § > 0 and constant ¢ > 0 such that

g (x, 1) —2G(x,t) > clt|’, Vi=6
and

gt (x, 1) —=2G(x, 1) > clt|?, Vi< —8.
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Hence,

¢+ llunll = (wa, ) —2/G<x,un<x)>dx
Q

_ / P V)it () — 2G (x, 10 () Idx
Q

> / [g™ e, upn(X))uy(x) = 2G(x, uy(x))]ldx
{1t (¥)>0}
+ / [ (. un (X))t (x) = 2G(x, up (x))]dx
{1 (1) <0}

= / (8™ (x, un(X))un(x) —2G (x, uy(x))]dx
{un (x)>6}

+ / g™ (o 1y ()it (6) — 2G (x, 10 () Il x
{1 (x)<—8}

+ / g™ Gt ttn (X))t () — 2G (¥, 4 (1)) 1dx
{O<u, (x)<8}

+ / [t (x, un(X))un(x) = 2G(x, un(x))]dx
{0>uy, (x)>—48}
>c / |un(x)|9dx —c.
{lun|>8}

2-0)(N-2)

Taking s = Sx75=ws - thens € (0, 1), and by the Holder inequality, we have

lun (X)) 2dx = / 24, )P Jaay, (1) P dx

{lun|>8} {lun|>8}
2(1—s) 2sN
0 2N+4
IN+4
< /|un|9dx |25 dx
{lun|>8} {len|>8}

2(1—s) 25
< (c+cllun) ™7 llunll™.

It follows from the condition (Ag) that

Ml = g / it (1) 2 + (s 0n) + / Pa(V)itn ()dx
Q Q

< Ak/lun(x)lzdx+(wn,un)+ / g (x, up(x))uy(x)dx
Q {un(x)>0}

+ / gt (e, un (X)) uy (x)dx
{un (x)<0}
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< G +0) /|un<x>|2dx T g
LQ

= (A +0) / | (x)2dx + / litn (x)2dx | + lluy

L{lun|<6} {lun|=8}
2(1—s5)

¢+ llunll + (e +cllun D ™7 N1

IA

Since 8 € (1,2) and s € (0, 1), then @ + 2s < 2. Thus, we see that {||u,||} is bounded.

Applying Lemma 4, we know that there exists au € HOl (€2) such that u, — u in H(; ().
In order to complete the conclusion, we should show that u satisfies m(u) = 0. In fact, from
the proof in Lemma 4, we see that there exists w, € dG» (u,) such that my»(u,) = ||w,||
and

(wy, v) = k”/(Vun, V) pndx — Ak/(un, V)pvdx + (vy, V), YV e H(}(Q),
Q Q

where v,, € d¢(u;). Because {u,}is bounded in HOl (2) and m;n (u,) = 0, itis easy to see that
{v,} is bounded in [HO1 (2)1*. Since dp(u,) is w*-compact, then, there exists v* € [HO1 (Q7*
such that v, — v* (w* convergence). Combing u,, — u in HO1 (£2) and Proposition 1, we
can obtain that v* € d¢(u). Hence, we have proved that

0=\ /(Vun, V) pvdx — A /(u,,, V) rvdx + (g, V)
Q Q

— /(Vu, V) gvdx — kk/(u, V) gvdx + (v, v)
Q Q

= (Au — A — v*, v).

Obviously, Au — Agu —v* € 3G (u) and then 0 € G (u), thatis, m(u) = 0. Accordingly,
u is a nontrivial critical point of functional G satisfying

Gi(u) > co, mi(u) =0.
Similarly, we can obtain another nontrivial critical point of functional G satisfying
Gi(v) >0, mi(v) =0.
It follows by a similar proof as in Theorem 3 that we can obtain the following theorem.
Theorem 4 Suppose that g(x, t) satisfies (A1), (A3), and the following conditions:
(A/3) there exists m € N satisfying Ay, < Ay, such that
260, 1) = (ot = 2011

uniformly for almost all x € Q;
(A9)

/G(x, u)dx — oo;

UENy, ||lul|—o0
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(As) there exists a eigenvalue Aj < Ay, such that

. 2G(x, 1)
lim sup ———

< Al — Ay
—o 1]

uniformly for almost all x € Q;
Then for almost all ) € (/%, 1], the problem (11) has two nontrivial solutions. Par-

ticularly, the problem (11) has infinitely many solutions. If, in addition,
(Ag) there exists 6 € (1, 2) and a constant ¢ > 0 such that

t t) —
liminf 800 =260
|t]— 00 |l‘|9

uniformly for almost all x € Q, and
tg(x, 1) < ct’.

Then the problem (10) has two nontrivial solutions.

Theorem 5 Suppose that g(x, t) satisfies (A1) and the following conditions:

(B1) there exists m € N satisfying hn > A, and a(x) € L*°(Q2) such that

, 1 . 1
A < liminf M < lim sup M <a(x)
[t]—>o00 t |t]—o00 t

for almost all x € Q and 2G(x,t) < (Bo — A2 Vx € Q, [t| < rog, where rg > 0
and :80 € (Am—1, Am)s
(B2)

2G(x, 1) = (omet — 202

forallx € Q,t € R;

Then for almost all 1. € (;(ggj;iz) , 1], the problem (11) has two nontrivial solutions.

FParticularly, the problem (11) has infinitely many solutions. If, in addition,
(B3) there exists 0 € (1, 2) such that

It]— o0 |t
uniformly for almost all x € Q. Then the problem (10) has two nontrivial solutions.
Lemma 5 G;(u) — —oo uniformly for A € (0, 1] as |u|| — oo, u € Np,.
Proof By the assumption (Bj), we can obtain that there exists M > 0 such that
2G(x,1) > (A — O)t]?, Ve >0, |t| > M.
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Hence,
A A
Grw) = 5 ul? - —k/|u|2dx —/G(x,u)dx
Q
< ’"/| Pdx — k/|u|2dx—/G(x,u)dx
Q
xk )
= lu|*dx — G(x,u)dx — G(x,u)dx
{Jul> M} {jul <M}
£—2
== k:|/|u|2dx+|: m 8} / u2dx — / G (x. u)dx
2 {(ul<M) {(ul<M)
—a
= £ k]/lulzdx—l—c.
2
Q

It follows from the arbitrary property of e, we can easily obtain the conclusion.

Lemma 6 Under the assumptions of Theorem 5, there exist py > 0, co > 0 such that

Gi(u) = co for ull = po, u € Nii_,,

3BO+)\m
where A € (2(ﬂ0+km)’ 1].
Proof By the assumption (B7), we see that there exists r; > A, such that

2G(x,1) < rit?, for|t| >ry, x € Q, (12)

where 1 > a(x) > A,, for all x € Q. Take r, = 4r; — Ag. Then, from (12), by a simple
computation, we have that

2G(x,1) < rat? —rirg, forlt| =rg, x € Q. (13)

For any u € N s wewritey = v+ wwithv € E,QE,11P---PE;—1 and

2
w e NZJ; 1» Where [ is large enough so that A; > Aif%o + (48r'tj:\f3(g”’+ﬁ ) et

ADA — 2A Am)A — 24
(ra + A1) kw2+(ﬂo+ m) ko2

&= 1 )

-G, v+w). (14)

If [v + w| < rp, then by the assumption (B1) and the choice of A;, we have that

2 ARy B IR 22000 2y — 0w+

~ (ra+ klik —2Bo w? 4+ (Bo + )""4))‘ —2ho v? — %(,Bo — )l w]
1

[Eqm + A% = 2B01[(Bo + dn)h — 20D — (Bo — W] lvffwl

> 0.

%
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If [v + w| > rog, by (13), we have that

- (ro + Ap)A — 20k w? 4+ (Bo + Am)h — 21k 02—

1 2 2
& > 1 1 E[rz(v-i-w) —r1ryl
MM — 24 —2 Am)h — 2hp —2 2
_ (n+r) k220 (Bo + Am) K222 0 g 10
4 4
M)A —2h; —2 Am)h — 2hp —2 2
_ (n+r) k22 0 (Bo + Am) k=220 g T
4 4 2
2
_ (ro + Ap)A — 8ry w2 n (Bo + Am)r — 8ry 2 — ryow + riry
4 4 2
=& + &3,
where
ADA — 8 Am — A
£ = (r2 + A1) 2l w2+( m — o) v? — Aovw,
8 4
ADA—8 4ry — A 2
£ = (r2 + A1) e 4n ﬁovz — (ra = Afo)ow + nry.
8 2 2
If
Ay, —
MM — ABolw| = 0,
then
(r2 + ADA — 8ry AAm — Bo)
£ > 0w [ ) — ABolw] ) vl
8 4
> 0.
If
AAy, —
R B0 ) 3ol <0,
by the choice of A and A;, we have that
(r2 + ADA — 8r 4183
> .
8 )\m _,30
Thus,
ro + AA — 8r A Ay —
£ > (r2 + A1) L? (Am ﬂO)vz—Kﬂolwlle
8 4
_ 2 _
> (r2 +A)A — 8rq _ 4)\,8() w2+ A .BO)UQ
8 Am — Po 4

> 0.
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On the other hand,
(r2 + A)A — 8ry 4ry — ABo rs
£ > < w? = —— ==’ — (r2 = M) wllv] + 2

(o +ADA—8r1 5 4ri—2Bo » 1 —ABo , 12— )»ﬂo 5 T rg
> — — _ — Y
= 8 v 2 ! 2 v 2 Ut

(ry +ADA —24r +40B0 +4hr 5 8ri —Ax —2ABo rlrg

8 2 2
8r1 — Ak — 2\ z
- ry— Ak ,30v2 n nrg
2 2

Since dimN;_; < 0o, we may find a constant C;_ such that
m§x|v| < Ci_t|lv|| forallv e N;_;.
Let

- & (-7
2(m + Bo)(8r1 — Ak — 5P0ICE Am

then 8g > 0. Let

=fxeQ:lv+w|<ro}, Q=1{xeQ:|v+w|=>r.

Combing the above estimates, we have that

Q Q Q)
> /Eldx
Q)
> /Esdx
Q)
8r1 — Ak — 2A re
> _kaﬂo/ v2dx —|— 2 — 9 measQ,.
Q)
If meas 2, > §¢, then
8ry 2180 r1r2
/aM>———37—ﬂuW+7%o (15)
If meas 2, < g, then
8r1 — A — 2\
/sldx > —rlkfﬁoqz_lllvllzmeasﬂz
Bo _bBo
T L a. llvl|>. (16)
40m+ B0\ hm
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Hence, by (14) and the choice of 1, we have that
Gr(u) = Gr(v+w)

A Ak
= 5(||v||2+ lw)?) — 7(||v||%+ lwl3) —/G(x,v+w>dx
Q

A A A Ak
Z(Ilvllz + lwll®) + menvn% + Zmnwu% — 7(||v||% + llwl$)

v

— / G(x, v+ w)dx

Q

A A
= Z(Ilwllz —nllwl}) + = (||v||2 — Bollvll3) +/sldx

2 (1 — 7) lw]? )‘ (1 — —) vl +/$1dx
Bo . r 0 2
20w + ) ml“‘(l Az)’(l_ﬁ)]”"“ +Q/$ldx

Bo
20 +ﬁo)( Ao )” ” +/$”’x

If meas$2; > &, by (15), then

Bo Bo 5 8ri — A —21Bo 2 Vlrg
1-— - + —6
fluell . vl 5 %

G = S m+ 0 '

Bo Bo 8r1 — Ak — 2ABo rrg
1= =) ul? — ——Zull® + —26.
2hm 2

I \/

v

I \/

> -
- 2()‘-m + ,BO) )‘-m
If meas€2; < §g, by (16), then
Gx(u)z%( ’3°)|| & L( ’3°)|| &
()Vm + ﬁO) )\m 4()~m + ﬁO) )\m

> 4&( ﬂ”)u 2.
()\m+/30) )\m

Consequently, we may find pg > 0, ¢9 > 0 such that G, (1) > c¢ for ||u|| = po,u € Nlﬁ_]

3B0+hm
and A € (2(/38Hm), 1].

Combining Lemma 5 and 6, with the similar proof as Theorem 3, we can complete
Theorem 5.
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